Lecture 26. Linear recurrences ond differentiol e%uaﬁons

Del A linear recurrence is an ecbuaﬁow of the form

CoOnT CiQnei T T CeOineg = O

Lor coefticients ¢o,Cy,, ¢ and @ sequence of numbers 0o,0,,0,,

Note I£ we foke vectors 70,2,?1)“' given ‘05
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% PN = N =(0+2) A+ (0°2—1:(3)) = N =2\ +3

Prop Given a \Inear recurrence

Colnt C0na T T Clneg = O
such fhat the charocteristic polynomial PN = CotCih+-+C A" has

0 distinet roots KA, Kooy gy, WeE have

0o =d o+ oo+ +dy ol

for some constants d,,ds, - de.



D_e{\: A linear differentiol eaouaﬂom is on e%uaﬁon of the form

+h ) .
, e ¢ derivative
Ct+eft++ef =0

Lor coefficients Co,cy,, ¢ and o differentioble function fct.

Note T we toke o vector function given ‘og
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we get a matrix differentiol e%uaﬁovw X' = AXEH) with
PN = CotC A+ +C N
eq S5ft-Fw+fm=o0
= fp=-5ttr+3fw
N fetr | _ fe] |0 1] fety
fo| | -stco+3ten | |5 F|| foo
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% PN =N =(0+T) A+ (0 F=1-(5) =N =FA+5

Prop Given o linear differentiol e%uaﬁon

cf+efn+—+cfm=0
such that the characteristic po\gwow\ia\ PN = Cot CA+--+C A" has

0 distinct vroots ok, oz, ok, We have

_FC_H - Cl\ﬁmt’\' &ze(xzt_\_ et &le‘xﬂt

for some constants dy,d,,,dy.



Ex Find the solution of eoch eaouaﬁow

(1) The linear recurrence Qe =40ni—30n wWith Qo= 1 ,0,=5.

Sol  We may write 30n=40n+ Gn2 =0
The charocteristic polynomial is PN =3=4X+ N =(1-N)(3-)),
which is of &egree 2 with 2 distinet roots A=1,3.
= 0=d 1"+ da 3 =d, +d23" for some constonts d,,d,
The volues 0o=1 and 0,=5 yield the linear system

dit da=1

di+3d,=5

|1 1| RREF_|DO -l
13 5 oD 2

:> C&\:—l) Clzzz :> O\n:

@) The differential equation Wt —4fp+fh=o0 with fo=1,fo=5.

Sol  The characteristic polynomial is PON=3=4N+N=(1-\)(3-)),
which is of degree 2 with 2 distinet roots A=1,3 .
=t =die T+ de = dief+d,e? for some constants d,,d,
= it = dieF+3d,e2
The values f=1 and f01=5 yield the linear system

dit da=1

di+3d,=5

|1 1| RREF_ (DO -l
13 5 oM 2

= d=-1,d,=2 =ty =




Note The two eoouaﬁovws are related via Tag\or series
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fet)= Qo+ Sht + 2+

By +a\<m3 derivatives, we find
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Now +the differential eaouaﬁon s —4fth+ft =0 converts to
the linear recurrence 30w—40u T Gz =0

Moreover , from the Taylor series we find fo=00 and fO=
Hence the two equations considered in this example are equivalent

Tf we substitute the solution of the linear recurrence into the

Tag\or series, we obtain the expression

%chFZ Tt = Z '+25 Z +2Z S ety gert
which recovers the solution of +the differentiol e%uaﬁon.

% This discussion is not essential tor Moth 313, but is evx\Tg\/\JrenMS
Lor unc!ersﬁmdmg how Iinear a\gebm can be used to shxég

nonlinear functions.



